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Systems with Noisy Input-Output Data*
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When both input and output data are contaminated by non-skewed and~or
correlated (perhaps colored) Gaussian noise, a novel MSE criterion
exploits cumulants and with persistently exciting non-Gaussian inputs yields
not only identifiability, consistency and asymptotic normality of parameter
estimators but also a linear algorithm for identification of rational models.
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stochastic systems; modeling (errors-in-variables); statistics (cumulants); time-delay estimation.

single-input, single-output systems the fitting
criterion is typically the mean-squared error
(MSE)

A l ~ r a c t - - A novel criterion is introduced for parametric
errors-in-variables identification of stochastic linear systems
excited by non-Gaussian inputs. The new criterion is (at least
theoretically) insensitive to a class of input-output
disturbances because it implicitly involves higher- than
second-order cumulant statistics. In addition, it is shown to
be equivalent to the conventional Mean-Squared Error
(MSE) as if the latter was computed in the ideal case of
noise-free input-output data. The sampled version of the
criterion converges to the novel MSE and guarantees
strongly consistent parameter estimators. The asymptotic
behavior of the resulting parameter estimators is analyzed
and guidelines for minimum variance experiments are
discussed briefly. Informative enough input signals and
persistent of excitation conditions are specified. Computatonally attractive Recursive-Least-Squares variants are
also developed for on-line implementation of A R M A
modeling, and their potential is illustrated by applying them
to time-delay estimation in low SNR environment. The
performance of the proposed algorithms and comparisons
with conventional methods are corroborated using simulated
data.

Vo a=E{e~.x,o(t)},

which in the noise-free case is expressed in terms
of the generalized prediction-error (GPE),
e .... o(t) A_ D L e ( q ) u ( t )

(3)

model/~,(q).
When (u(t),x(t)} are known exactly the
identification task turns to be a simple algebraic
procedure, and conditions on the families of
inputs which yield informative enough experiments can be easily established [see, for
example, Cadzow and Solomon (1986)].
In most practical situations though, the output
and/or the input measurements are contaminated by additive noise. Over the years,
non-parametric and parametric approaches have
been developed for I/O identification of linear
systems when the output only data are noisy--an
assumption which may not be natural in certain
applications.
Frequency-domain approaches
(Brillinger, 1981, ch. 6), instrumental variables
(IV) (SSderstr/~m and Stoica, 1983), and
prediction-error methods (Ljung, 1987), offer a
variety of options and trade-offs between
accuracy and computational complexity. Their
common characteristic is the usage of secondorder auto- and cross-statistics. This feature
facilitates analysis and computations, but causes
lack of identifiability when both the input and
the output records are contaminated by even
white and mutually uncorrelated noises
(SSderstrSm, 1981).

systems
amounts to fitting a model to a "true" transfer
function given random input-output (I/O) data
{u(t), x(t)}, where

H(q) a_ ~ h(i)q-',

+ Do,,(q)x(t),

where DLe(q ) and Do,,(q) determine the GPE
filters with coefficients 0 corresponding to the

1. INTRODUCTION
IDENTIFICATION OF STOCHASTIC linear

x(t) = H(q)u(t),

(2)

(1)

i

and q-t denotes the unit-delay operator. For
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Applications where I/O data appear noisy
include sonar holography (Sato and Sasaki,
1977), modeling of economic series (Kalman,
1983), time-delay estimation (TDE) scenaria
(Nikias and Pan, 1988), and the design of noise
cancellers (Giannakis and Dandawate, 1990,
1991). I/O noises in these real life problems can
be colored and mutually correlated with
unknown (cross-) spectral characteristics, and
models which account for these effects are
expected to be more realistic. Models which
include input noise are referred to as errors-invariables (EIV) models.
If the I/O noises are Gaussian with known
spectra, and parameter identifiability is not an
issue, maximum-likelihood (ML) methods are
possible. But according to (Ljung, 1987, p. 203):
"...with the assumption that the color of the
noises are known, the problem is relatively
simple. Without this assumption ("prejudice"),
the problem is not yet solved. See Kalman
(1983)..."
After the inadequacy of second-order methods
in identifying EIV was recognized, research
efforts pursued two objectives. First to characterize the class of models which fit the
second-order statistics of the I/O data: Anderson (1985), Deistler (1986) and Stoica and
Nehorai (1987); and second, to establish
identifiability using higher-order statistics (HOS)
of non-Gaussian I/O data. HOS refer to sample
cumulants and polyspectra of order greater than
two, which have been popular in the recent
statistical signal processing literature [see, for
example, Mendel (1991) and references therein].
Among other reasons, their popularity is due to
the fact that cumulants of Gaussian processes
vanish, and when non-Gaussian signals are
observed in signal independent colored Gaussian
noise of unknown covariance, noise effects are
potentially suppressed.
At this point it must be noted that when the
noise-free input signal is non-Gaussian, ML
methods not only require knowledge of the
input's distribution function and the I/O noises'
color, but also lead inevitably to objective
functions which are nonlinear with respect to
(w.r.t.) the parameters, thus rendering the
resulting algorithms computationally demanding
and unable to avoid local minima. It is an
advantage of HOS based I/O methods that,
without explicit knowledge of the non-Gaussian
signal distribution, they suppress additive Gaussian noise of unknown spectrum. The price paid
is increased variance of the higher-order sample
cumulant estimators involved, which implies that

relatively long data records are required in order
to obtain reliable parameter estimators.
For time-series modeling, HOS-based "IVtype" methods were reported in Swami (1988),
and for I/O identification consistent nonparametric approaches were developed in
Deistler (1986) using polyspectra. In the special
case that H(q) corresponds to a pure delay,
auto- and cross-cumulants and bispectra were
originally employed in Sato and Sasaki (1977)
and later in Nikias and Pan (1988) for TDE. The
third-order parametric TDE method of Nikias
and Pan (1988) was recently extended to a
consistent fourth-order (cross-) cumulant approach in Tugnait (1991). Both batch and
adaptive, parametric, HOS-based approaches for
finite impulse response models were also studied
in Giannakis and Dandawate (1990, 1991), but
identifiability and thus consistency of general
parametric models was not established.
A R M A and multichannel versions of Giannakis and Dandawate (1990) were reported
recently in Inouye and Tsuchiya (1991), but
persistence of excitation conditions for colored
inputs were not addressed, and mutual independence of the Gaussian I/O noises was
unnecessarily assumed.* In addition, both the
Giannakis and Dandawate (1990, 1991) and the
Inouye and Tsuchiya (1991) methods fall into the
class of equation-error approaches, and hence
they are appropriate when the "true" system is
described exactly by the model. On the contrary,
the method developed in this paper is criterionbased and as such offers advantages under model
mismatch (see also Test Case 3 in Section 7).
An alternative criterion-based I/O method
was proposed recently by Tugnait (1990, 1992).
Consistent parameter estimators were obtained
by minimizing a fourth-order cumulant criterion,
which is nonlinear w.r.t, the parameters.
According to Tugnait (1992, Remark 2), the
flatness of his fourth-order objective function in
the vicinity of the minimum results in poor
efficiency
and
increased
numerical
illconditioning. Linear equation-based methods
such as the one proposed in this paper provide
unique solutions and exhibit better numerical
performance (see also Test Case 2 in Section 7).
The main contribution of the present paper is
a parametric approach for errors-in-variables
identification of linear systems which combines
the noise insensitivity of HOS with the analytic
and computational tractability of second-order
* Also, the term z(t + 1) in equation (46b) of Inouye and
Tsuchiya (1991) must be, according to Giannakis and
Dandawate (1990), replaced by z(2)(t+ 1).

Identification of stochastic linear systems

where e(t) is independent and identically
distributed (i.i.d.) driving noise.
Measurements of u(t) and x(t) are contaminated by the input and output noises v~(t) and
Vo(t), respectively (see also Fig. 1)

methods [see also Delopoulos and Giannakis
(1991)]. In Section 2 we specify the class of I/O
disturbances, state the modeling assumptions,
and review the cumulant projection ideas
derived by the authors in Giannakis and
Delopoulos (1989, 1990). A novel cost function,
Vo, is introduced in Section 3, and shown to
yield strongly consistent parameter estimators
under persistence of excitation conditions which
are studied in Section 4. The usefulness of the
proposed criterion is supported by the fact that
Ve turns out to be equivalent (within a scalar) to
the classical MSE as if the latter was applied in
the absence of I/O noise. Further, when the
adopted model set consists of ARMA transfer
functions, it is shown in Section 6 that the new
criterion leads to a set of linear equations which
accept a recursive solution for on-line parameter
estimation in the presence of I/O noise. In
Section 5 the parameter estimators are shown to
be asymptotically normal. Finally, illustration of
the proposed method, its applicability to
time-delay estimation, and comparisons with the
standard MSE, the nonlinear method of Tugnait
(1990, 1992), and the linear method of Inouye
and Tsuchiya (1991), are provided in Section 7
using simulated I/O data at relatively low
signal-to-noise-ratio (SNR).

w(t)

(5)

y(t) = x(t) + Vo(t).

(6)

ew.y,o(t) & Dl.o(q)w(t) + Do,o(q)y(t),

Assumption 1. H(q) and G(q) are stable LTI
systems with
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Assumption 2. e(t) is i.i.d., zero-mean, nonGaussian
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moments,

Y2~ ~=E{e2(t)} #: 0 and Y3~& E{ea(t)} :/: O.
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.

(8)

--co

G(O)~-G(q=eJ~)l~=o=~ g(t)=/=O. (9)

~I

.

impulse

~', Ig(t)l < 0%
t=

w(t)

t. .

summable

Ih(t)l < oo and
t~

(4)

u(O

(7)

where vector 0 parametrizes the generalized
predictors Dx,o(q), Do,o(q). In particular, when
Dl,o(q), Do,o(q) are transfer functions of FIR
predictors, the parameter vector 0 denotes the
collection of their polynomial coefficients (see
also Section 6). In general, we simply assume
that 0 is a finite dimensional vector with entries
the unknown parameters of the underlying
predictors [e.g. see also Ljung (1987, p. 169) for
details on the parametrization of a model set].
We further make the following assumptions on
the aforementioned signals and systems:

Let us first define the exact structure of the
system that we intend to identify, and state
detailed modeling assumptions on the processes
involved. The basic configuration is depicted in
Fig. 1 and the system is linear and time-invariant
(LTI) as specified by (1). The input u(t) is
assumed to be a linear process, denoted
analogously as:

e(t)

u(t) + vx(t),

=

The generalized prediction-error (GPE) is
constructed as a linear combination of delayed
versions of w(t) and y(t),

2. PROBLEM STATEMENT--ASSUMPTIONS

u(t) = G(q)e(t),
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FIG. !. Block diagram for errors-in-variables identification.
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Assumption 3. Vo(t), vl(t) are zero-mean, linear
processes,

Vo(t)-- Co(q)~o(t),

v,(t) = C,(q)~,(t),

and

(10a)
where ~o(t) and ~i(t) are i.i.d., possibly
mutually correlated, with zero (cross-) thirdorder cumulants (e.g. mutually Gaussian or
symmetrically distributed) and,
~
t=

ICo(t)l < ~

Ic,(t)l < ~ .

and

--oc

t=

(lOb)

--~

Assumption 4. The driving noise e(t) is independent of Vo(t) and vi(t).
Assumption 5. The GPE filters Dl.o(q) and
Do,e(q) are, uniformly in O, stable filters
(Ljung, 1987); that is, there exists d(t) such
that sup Idi(t)l - d(t), sup Ido(t)l -< d(t) Yt with
0

0

Id(t)l = Ca < ~.
t=

--oo

It should be noted here that the main
constraint is the one imposed by Assumption 3
which makes the subsequent analysis applicable
to cases where the distrubances can be modeled
as linear processes driven by i.i.d, noise with
vanishing kth-order cumulant [e.g. Gaussian or,
if k is odd, the class of noises including all linear
symmetrically distributed processes; see Brillinger (1981) for definition and properties of
cumulants]. For notational convenience we will
develop our method for k = 3, and point out the
generalizations to higher-order statistics which
are useful either when 73~ = 0, and/or, when
G(0) = 0. The need for these assumptions stems
from the following two properties:
Property 1. Gaussian processes have identically
zero all of their cumulants of order greater than
two, and non-Gaussian processes whose moments exist have (for some k-> 3) non-vanishing
kth-order cumulants (Brillinger, 1965). Most
non-Gaussian signals in practice have non-zero
cumulants of order k = 3 or 4.
Property 2. The autocorrelation sequence,
czu(r0___a E{u(t)u(t + rl)}, and the third-order
cumulant, c3,(~1, r2) ___aE{u(t)u(t+ r 0 u ( t + rz)},
of a zero-mean, stationary linear process {u(t)}
are related through a projection operation
(Giannakis and Delopoulos, 1989). Thus, for u(t)
as in (4)

Z c,u(,,,
T2=

(11)

covered from the zeroth slice of the so-caUed
bispectrum, *3,(to,, w2), the Fourier transform
of c3u(rl, r2), using
(I)2u(fO) =

[Yee/Y3eG(O)]t~3u((D, 0).

(12)

3. T H E N E W MSE A N D ITS S A M P L E - B A S E D
APPROXIMATION

Similar to the definition of the conventional
MSE in equation (2) we introduce the novel cost
function as

~,,oA__ ~

E{w(t + k)e2.y.o(t)},

(13)

k = --oc

where ew.y,o(t) is defined as in equation (7).
From equations (7) and (13) we observe that lie
is expressed in terms of third-order (cross-)
cumulants of the noisy processes w(t) and y(t).
For linear processes, it has been shown in
Giannakis and Delopoulos (1989) that projecting
third-order cumulants over one lag yields a
scalar multiple of the autocorrelation [cf. (11)].
Relying on this result and Assumption 3, in the
sequel we will exploit the insensitivity of
third-order cumulants to I/O disturbances v1(t_)
and Vo(t), and relate the "noisy" criterion Vo
with the ideal, noise-free MSE criterion Vo. We
summarize our result in the following theorem:

Theorem 3.1. If Assumptions 1-5 hold, then,
C(O)

("o = 7 3 e -

]t2e

Vo,

(14)

where Vo is defined as in (2) and, unlike 17o, it is
expressed in terms of the noise-free signals u(t)
and x(t). •

Proof. Since vI(t ) and Vo(t) are zero-mean (cf.
Assumption 3) Gaussian or linear and symmetrically distributed their third-order cumulants are
identically zero. Using the fact that they are also
independent of u(t) (cf. Assumption 4)

E{w(tl)w(t2)w(t3)}
= E{u(tx)u(t2)u(t3)}
E {w(tOy(tz)y(t3) }
= E{u(h)x(t2)x(t3)}

Vtt, t2, t3,
Vtl, t2, t3,

E{w(t,), w(t2), y(t3)}
= E{u(tl)u(t2)x(t3)}

Vtl, t2, t3.

Using definition (13) along with the above
relations we obtain

--~

Analogously in the frequency-domain, the
second-order spectrum, ~2.(¢o), can be re-

~'o = ~

E(u(t + k)e~.x.o(t)}.

(15)
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The novel cost function 17'o is expressed in
terms of third-order (cross) cumulants of the
processes w(t) and ew.y.o(t). The following
theorem generalizes the statement of Theorem
3.1 to cost functions 17k.Owhich are (modulated)
projections of kth-order cumulants of any order
k~3.

Using (1), (3) and (4), equation (15) yields,

),~[~. dx(il)dl(i2)g3(k +il, il--i2)

17o= ~
k =-or

Lil,i2

+ ~ ~ do(jOdo(j2)h(l~)h(12)
Jl,J2 11,12

x ga(k +jl + l~, j~ -J2 + l~ - / 2 )
+ ~ ~ d~(i)do(j)h(l)
i,j

1275

k-2

Theorem 3.2. With E tOi =

I

let us define the

0,

i=1

Xga(k + i, i - j - / ) ] ,

(16)

where g3(m, n) denotes the triple correlation of
the impulse response of the filter G(q),

cost function
17k.o-----aE ' ' "
1~I

E exp --j •
Tk- 2

X cum {w(t + r,) . . . . . w(t + rk-2),

~e

ew,y.o(t), e.,y.o(t)}.

g3(m, n) a__ ~ g(t)g(t + m)g(t + n). (17)
i ~ --oe

Summing both sides of (17) over one variable we
find

g3(k, m) = G(O)g2(m),

tOi'~i

i=1

If (8) and Assumption 5 hold, e(t) is
non-Gaussian with finite moments, and v~(t),
Vo(t) are Gaussian and independent of e(t),
then,

(18)
=

17o = y3eG(0)/~, di(il)dl(i2)g2(il - i2) + ~
L tl #2

Jl,J2 11,12

x do(jl)do(j2)h(lDh(12)g~(jl -J2 + lz -/2)
+ ~ ~ d,(i)do(j)h(t)g2(i - j - 1)]
=

l

d

•
Ly2e i=1

where gE(m) is the autocorrelation of g(t).
Combining (16)-(18) we can write 17o as,

i,j

(20)

(21)

-*

Proof. See Appendix A.
In particular, if k is even and to2~+l= tOo,
to2~ =-tOo, i = 0, 1. . . . , then
17k.o

E e
TI

.....

rk-2

x cum {w(t + r D , ' " ,

w(t + rk-2),

G(O) Vo,

Y2~
where the last equality follows from a decomposition of the conventional MSE in the same
manner that 17o was decomposed in equation
(16). This completes the proof of the
theorem. •
According to equation (14), if )%G(0)=/=0
(of. Assumptions 1 and 2) the conventional
MSE, Vo, can be recovered from 17o within a
scalar ambiguity. Note also that the scaling
factor y3~G(O)/y2~ does not depend on 0.
Although the sign of Y3~G(O)/7u is not known
a priori, it is clear that minimization of Vo is
equivalent to extremization of 17o. In other
words, the optimum (in the mean-squares sense)
value of the parameter vector 0 is
0o =a arg min Vo = arg extremum 17o- (19)
If Vo has a unique global minimum at 0o, then
I7"o will attain its extremum at this same point.
Equation (19) though, holds true even when Vo
has more than one global minimum, in which
case 0o represents a set of minimizers of Vo
rather than a single vector.

Ew.y.o(t), Sw.y.o(t)) = [ Yke lG(tOo)lk-2]Vo.
t-y2e

(22)

The cost function 17k.o does not require
processes to have zero-means, and includes as a
special case (k = 3) the 17"
o objective of (13).
Note that when k is even, the multiplicative
scalar is real which enables extremization of
17k.o, and establishes claims analogous to (19) for
the generalized objective function of (22).
The advantage of the novel MSE criterion in
(20) shows up when additive Gaussian noise of
unknown covariance is present in the input
and/or the output data. In fact, any convex
function of w(t + k) such as a pre-filtered version
of w(t+k) could be used in (13) or (22),
provided that the resulting objective functions
implicitly invoke higher- than second-order
cumulants.
On the other hand, when the input is
noise-free and the output noise color is known,
the conventional MSE criterion must be
preferred because: (i) sample estimators of
higher-order cumulants require more computations [see also (45) and (46)], and (ii) HOS
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exhibit higher variance than second-order
statistics. In fact, the higher the order the higher
the variance, and hence long records (>1000
data) are generally required for reliable HOS
estimation. For asymptotic sample path properties of HOS and the mixing conditions
required for consistency, we refer the reader to
Brillinger (1965, 1981), Mendel (1991), Giannakis and Tsatsanis (1992, and references
therein).
Because e(t) is non-Gaussian (cf. Assumption
2), Property 1 guarantees that Yke in (22) will be
nonzero for at least one k->3. Furthermore,
because G(wo) cannot vanish for all woe
(-Jr, :r], the scalar Yke IG(w0l will be nonzero
for some k->3. In practice, if e(t) is
symmetrically distributed (Y3e= 0) and/or
G(0) = 0, the fourth-order version of (22) will be
adequate in most cases.
Intuitively speaking, kth-order cumulants have
the ability to discern non-Gaussian signals from
Gaussian noise on the basis of their skewness
(k =3), or, kurtosis (k--4). For notational
convenience we confine our subsequent analysis
to k = 3 .
With finite measurements available, we are
unable to obtain 17o, which motivates focusing
our attention towards the sample-based
approximation

the shape of ;t*(k) that make 17~0
N) a consistent
estimator of 17o.

Theorem 3.3. Let ~.*(k)__a;~(k/M) where ;t(t) is
a continuous window with support [-1, 1].
Under the following conditions:
Condition 1. M

~ > 0,

(25a)

Condition 2. A(0) = 1, A(-t) = ~.(t),

(25b)

= O(NI/4+~),

Condition 3. lim 1 - ).(t) _ L < 0%
,--,o

t2

(25c)

Condition4. ~ffkA 2 ( k ) < o o VN,

(25d)

and if Assumptions 1-5 hold and
N

17(0N) A.~ ~
k=--N

A*(k)E{w(t + k)e2.y.o(t)}, (19)

then,

(a) suplf'gN)- 17gN)l~0 w.p.1 as N---~oo
o

(b) sup [17(oN) - 17ol-->0 as
O

' (26a)

N-->oo,

(c) sup 117'(N)
o - I7"oI w.p.1 as N-->oo.

(26b)
•

(26c)

0

17(oN) g ~ A*(k ~
k=--N

w(t+k)e.,y,o(t ,

Ll, t=l

Proof. See Appendix B.

(23)
where we have replaced the expectation in (13)
with time-averaging and applied function ~.*(k)
before projecting over k.
The role of the window ~.*(k) is to suppress
the remote, and thus erratic, lags involved in the
bracketed quantity of (23). One can compare
this procedure with the "windowing" of
periodograms [see, for example, Brillinger
(1981)], which converts the inconsistent raw
periodogram into a consistent estimator of the
power spectral density. Indeed, it turns out that
although
1 N

~ t~_zw(t + k )e2,y,o(t)
---~E{w(t+k)e2y.o(t)} w.p.1 asN---~o0, (24)
the summation over k in (23) lacks strong
convergence; that is
k=--N

[(1/N)~w(t+k)e~.y.o(t)]
t=l

does not converge to Vo. The following theorem
sets the necessary and sufficient conditions on

Equation (26a) guarantees that I7'(oN) converges
uniformly (in 0) w.p.1 to its expected value
17[N), while equation (26b) establishes uniform
convergence (in O) of 17~N) to I7o. Part (c) is a
consequence of (a) and (b) and ensures that the
sample based estimator 17[N) converges uniformly (in 0) w.p.1 to the theoretical value 17o.
Statements (a)-(c) are the main convergence
assertions of this section.
The following direct corollary to Theorem 3.3
establishes a practical convergence result that
makes 17~N) appropriate for strongly consistent
parameter estimation in low SNR Gaussian noise
environments. Similar results can be found in
Ljung (1978,1987) for the ordinary MSE
minimizers, and in Delopoulos and Giannakis
(1992) for time-series analysis problems where
noisy output only data are available.*

* Theorem 3.3 is novel, and only specific mathematical
tools are employed from Delopoulos and Giannakis (1992b)
for its proof (see Appendix B); Delopoulos and Giannakis
(1992b) use output only data and, contrary to the main
theme of the present paper, their input is assumed noiseless.
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Corollary

3.1. Under the assumptions of
Theorem 3.3, and if
ON = arg extremum {I?[m},
(27a)
0o = arg extremum {f'o },
then

0s---~0o

w.p.1 as N--->~.

(27b)
•

(27c)

When 0o is a set of extremizers rather than a
single global extremum position, equation (27c)
should be interpreted as convergence of 0u into
a set (see Ljung, 1987, p. 215).
This corollary to Theorem 3.3 suggests a
method for estimating 0o by extremizing IY[m.
Convergence in (27c) should be interpreted as
convergence to a set in the sense of Ljung
(1987, p. 215). The corresponding extremization
procedure is, in general, a nonlinear task. We
will see though in Section 6 that it reduces to
solving a set of normal equations when the
assumed model is ARMA. Before moving to this
simplification we consider in the next two
sections how the choice of u(t) affects the
uniquness of 0o and the asymptotic distribution
of the parameter estimators.
4. PERSISTENCE OF EXCITATION

In Section 3 we showed that extremization of
the novel cost function I7"o is equivalent to
minimization of the ordinary MSE, Vo, although
the first is expressed in terms of the noisy
measurements w(t) and y(t) while the latter is
expressed in terms of the noise-free data u(t)
and x(t). In this section we resolve the
uniqueness issue. Specifically, we address the
following question: When is the input u(t)
exciting the system H(q) in such a way that the
obtained information is sufficient to determine
0o uniquely? Such conditions on the input will
guarantee that 0o is a single extremizing
parameter vector and not the set of extrema
alluded to in (19). Conceptually, this is
equivalent to specifying those inputs that "excite
all the modes of H(q)". Inputs with this
property are called persistently exciting (p.e.)
and the corresponding experiments informative
enough: see, for example, Sfderstr/Sm and
Stoica (1983) and Ljung (1987).

Definition. Let
Aew.y(t) _a_ew.y.o,(t) - ew,y, o2(t)
be the difference between the outputs of two
GPE filters which are parametrized by 0~ and 02,
respectively. The input u(t) is informative
enough (persistently exciting) if and only if
E{w(t + k)[Ae~.r(t)] 2} =- 0

(28)

k~--oe

implies that 0~ = 02.

•

Mimicking the proof of Theorem 3.1 we can
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show that under Assumptions 1-5 the expression
on the LHS of equation (28) is a scalar multiple
of E{[Ae,,x(t)]2}. Consequently, the above
definition is compatible with the conventional
definition of persistently exciting input signals
which requires that

E{[Ae~,~(t)] 2 } - 0

implies that

01=02.

(29)

The following theorem establishes sufficient
conditions on u(t) in order to be informative
enough. We restrict our predictors DLo(q),
Do,o(q) to be polynomials of finite order.

Theorem 4.1. Let AD,(q) ___aDLo,(q ) _ DLo~(q )
and
ADo(q) ___aDo.o,(q) - Do.o~(q),
where
D! o,(q), Do o,(q), i = 1, 2 are polynomials of
degrees Qi = deg [Dl.o,(q)] and P/= deg [Do.o,(q)],
respectively. Assume that:
(i) Assumptions 1-5 hold true.
(ii) The "true" system is an irreducible and
stable ARMA(P, Q) transfer function H ( z ) =
B(z)/A(z), with deg [A(z)] = P, and deg [B(z)] =
'

-

A'

-

A

a.

(iii) ~ --<P, 0~ -< Q, i = 1, 2.
(iv) IADo(to) + AD~(to)n(to)l 2 ~3,(to, 0) ~ 0,
Vto, implies that ADo(tO) + ADl(tO)H(tO) -- 0.
Then, u(t) is persistently exciting (p.e.). •

Proof. LetHo,(q), i = 1, 2 be two members of the
model set with corresponding GPE filters Dl,o,(q)
and Do.o,(q). The corresponding prediction errors
are ew.y.o,(t) = Di.o,(q)w(t) + Do.o,(q)y(t) and
hence
Aew.y(/) = ADl(q)w(t) + ADo(q)y(t).

(30)

Using the fact that {vx(t), Vo(t)} have zero
third-order (cross-) cumulants and arguing as in the
proof of Theorem 3.1, we can rewrite equation (30)
in terms of u(t) and x(t),
oc

E{u(t + k)[Ae,.x(t)l 2} - O.

(31)

k~--oc

Using (1) and (29) we can express the LHS of (31) as

a = ~ E{u(t+ k)v2(t)},

(32)

k~--~

where we renamed Aeu.x(t) to v(t) for notational
simplicity, and introduced the notation v(t)=
R(q)u(t) where R(q) a__AD,(q) + ADo(q)H(q).
Using the fact that R(q) is an LTI filter and u(t) is
stationary, it follows that,

ff_

17 -=
~ -= ePvv,(tol, °)2)
E{u(t + k)v2(t)} = 4:t--X e i(~°~t°)+°~2k) dtot dto2

1 ~__-f '~
4:t2 , - ~ 3 " ( t o " toz)

× R(-tol - toOR(toOe/°': dtol dto2,

(33)
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where the cross-bispectrum ~vv,(tol, to2) is
defined as the Fourier transform of E { v ( t ) v ( t +
r 0 u ( / + r2)}, and the bispectrum q~3,(vl, v2) is
defined as the Fourier transform of E { u ( t ) u ( t +
r 0 u ( t + rz)}. Definitions and properties of kth
order (cross-) polyspectra can be found in
Brillinger (1981). Substituting (33) into (32) and
using the identity E e i'2k = ~ 6 ( 0 ) 2 - - 2atk), we
find
*
*
a = ~2

1:l)3u(to', ° ) 2 ) 8 ( - ° ) 1
k =-oe

at

- °22)

yt

× R(tol)e jo'2k dtoi dto2
=--

2~ k=-=

to

:r

)R(-to1 - to )

o)g(to)n(-to)

dto.

q~3,,(w, 0) IAD,(to) + A O o ( t o ) n ( t o ) [ 2 = 0
Vto e (-at, ~r], (34)
which according to (iv) implies
Vto e (-at, at].
(35)

To establish that u(t) is persistently exciting,
all we need to prove is that (35) is equivalent to
ADI(to) -= 0

and

ADo(to) -= 0

Vto e (-Jr, at].

According to (ii) and (iii) we have
H ( z ) - b2 +- b'z--~l +'- :" + b e z - O
l+a,z-'+-+ a p z -t"

(36)

'

- A D , ( z ) = flo + f l , z - ' + . . . + floZ -0,
{ ) - < m a x ( Q , , Q2)-< Q,
ADo(z) = ao + a , z - ' + • • • + ocpz -p,
P -< max (P,, P2) <- e,

a0=0,

where condition ~o = 0 assumes that we have
normalized the corresponding GPEFs. Now the
numerator of (35) can be written as
-- [j[~[, "-~ ~1 z - I
x

[ao +

.+--.

al z-I

=__

=

.=

_ biffk_i/e

,

vto e ( - ~ , ~1.

(37b)
In (37b) we have extended the finite length
sequences a,, b,, Olk, flk with appropriate
zero-padding. Observing that the LHS and R H S
of (37b) are the DFFs of the sequences in the
parentheses we infer that,
k

k
X biolk_i,
i=0

k=0

....

, P + Q.

Recalling that tro --- 0 and using (38) for k -- 0 we
find a0fl0 = botro which implies fl0 = 0. Hence,
(38) reduces to the following matrix form
[3,, 32 . . . . .

la,,

. . . . .

plS = 0,

where S is the Sylvester matrix of the
polynomials A ( z ) and B ( z ) . Since H ( z ) is
irreducible, that is, B ( z ) , A ( z ) are co-prime, the
Sylvester matrix is of full rank; see, for example,
S6derstr~im and Stoica (1983, p. 200). Hence,
fl; = 0,
(i = 1 . . . . , Q)
and
tri = 0,
(j =
1 , . . . , P). Recalling also that a~o=flo = 0 we
conclude that ADl(to) --- 0, ADo(to) ~- 0, Vto
which completes the proof of Theorem 4.1 •
Condition (iii) requires that our model
described by the G P E filters D,(q) and Do(q) is
not over-parameterized and guarantees that
possible pole-zero cancellations are prevented.
In view of the fact that u(t) is a linear process we
find from (12) that (I)3u((.O,0)= l~'(I)2u(O), and
hence the next corollary is immediate.
Corollary 4.1. If (i)-(iii) are satisfied and
~2,(to) > 0, Vto e (-Jr, at], then u(t) is persistently exciting.

Similar to ordinary conditions of persistently
exciting signals, strict positivity of the spectrum
is more than what is necessary. In particular, if
the numerator of A D o ( z ) + A D l ( z ) H ( z )
has
degree n then for (iv) to hold true it suffices to
have that
(I)2u((Oi):~=0,

-Jr- ~ 0 Z -1)]

for

i = 1 . . . . . l>-n,
and toie [0, Jr].

(39)

+ • • • + apZ -P]

--= [0q) + C t ' , Z - ' + • • • + tl'#Z - / ' ]

x [bo+ b i z - ' + • • • + b o z - e ] ,
z = e -#°

e

.= }

(38)

Since u(t) is a linear process, ~3,(w, 0) is a
scalar multiple of its power spectrum ~2.(to) [cf.
(12)], which implies that ~3,(to, 0) has for
all to the same sign. On the other hand, if
ADI(q), ADo(q), H ( q ) have real coefficients,
R ( t o ) R ( - t o ) = IR(to)12>0. Hence, the condition A - 0 is equivalent to

AD,(to) + ADo(to)H(to) -= 0

Z
k =0

Z aiflk_i=-i=0

X R(to1)6(toz - 2k~r) dto1 dto2
=--

or equivalently,

'¢to e (-~r, at],

(37a)

Equation (39) defines what is called persistently exciting input of order n. According to
Ljung (1987) u(t) is persistently exciting of order
n, if and only if the n × n Toeplitz matrix R,
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with entries

r,(i, j) = cEu(j - i),

i, j = l . . . . , n,

is of full rank n. In view of the above and
equation (4), the following theorem is
established.

Theorem 4.2. If (i)-(iii) hold true and the
matrix with entries c2~(i, j) = ~ g(t)g(t + j - i),

expressions related to the asymptotic distribution
of ON.

Theorem 5.1. Let the assumptions of Theorem
3.3 hold true, and the true system belong to the
model set. Further, assume that Di.o(q), Do.o(q)
are uniformly in 0, stable filters with uniformly
stable first and second order derivatives. Then,

t

i , j = l . . . . . n, has full rank n = m a x ( P + / 5 ,
Q + Q), then u(t) is informative enough. •

Proof. Note that the numerator of A D o ( z ) +
AD~(z)H(z) has degree at most n = max (P + P,
Q + Q), which implies (39) and thus (35) and
(36).
The uniqueness in identifying errors-invariables systems relies upon the nonGaussianity of the I/O data as well as the usage
of cumulant projections for eliminating a class of
I/O disturbances. Recall that ordinary MSE
criteria cannot guarantee identifiability in the
presence of I/O noise (Anderson, 1985;
Deistler, 1986; Stoica and Nehorai, 1987). In
fact, parameter estimators based on ordinary
MSE criteria are not even asymptotically
unbiased when the noise color is unknown. On
the contrary, cumulant-based MSE criteria yield
consistent parameter estimators with decreasing
error variance as the data length increases (see
also Theorem 5.1).
Additionally, Theorem 4.2 implies that in our
set-up the transfer function of the filter G(q)
alone determines whether u(t) is informative
enough or not. When the user has access to the
design of G(q) it is possible to tune it such that
the input autocorrelation matrix has full rank n.
For example, since A R M A processes are
persistently exciting of any order n (Srderstrrm
and Stoica, 1983), one may choose G(q) to be a
finite order pole-zero transfer function.
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~/-~(0N--00) N._,®~ AsN(0, Po),
where,
] -l

1- a 2

-1

and

Q __a lim

E

17~N)
LLO'U

N..*oollrl

I7'~N)
JLO~U

@=0o"

(40c)
Proof. See Appendix C.
The variance of the asymptotic distribution of
the parameter estimates, Po, clearly depends on
the choice of the filter G(q) and the shape of the
window g*(k). The influence of different
windows on the variance of the estimates is an
old problem [see, for example, Brillinger (1981),
and references therein]. From a technical point
of view, when picking a particular window
function, there is always a trade-off between bias
and variance. In cases where the user has access
to the structure of G(q), an experiment design
procedure may be employed to reduce the
covariance matrix P0. Parameterizing G(q) as an
A R M A model and tuning its parameters
appropriately, optimal input signals can be
designed along the lines of Srderstrrm and
Stoica (1983, ch. 7).
6. ARMA MODELING

When the adopted model set consists of the
ARMA(P, Q) models the GPE simplifies to,

ew.y.o(t) = y(t) - z(t)r0,
5. ASYMPTOTIC DISTRIBUTION OF THE
PARAMETER ESTIMATORS

Since the signals involved are non-Gaussian of
unknown p.d.f., finite sample path properties
cannot be determined. We proceed instead to
derive the asymptotic properties of the parameter vector estimator.
In this section we do not require H(q) to be
rational, but we assume it to coincide with some
Hoo(q) in the model set [recall that in Theorem
4.1, (iii) allowed for system-model mismatch].
This restriction was never imposed in the
preceding analysis, and is of rather mathematical
importance, since we use it only for deriving

(40a)

(41)

where vector 0 contains the corresponding A R
and MA parameters and z(t) denotes the data
vector,
z(t) ~ [y(t - 1), y(t - 2) . . . . .

y(t - P),

w(t), w ( t - 1) . . . . , w ( t - Q)lr.

(42)

Substituting (41) into (23), the criterion I2~N)
becomes
N

17~N)= ~

,k*(k)

k=-N

x

~

w(t+k)[y(t)-zr(t)O] 2 ,
t=l

(43)
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and its extremum ON coincides with the solution
of the normal equations

~P(N)ON= ~(N),

(44)

where,
N

N

~P(N) a__~

~

;t*(k)w(t +k)z(t)zr(t),

(45a)

)~*(k)w(t + k)y(t)zr(t).

(45b)

t=l k=-N

and
N

N

~(N) a__~

~

t=l k=--N

One can compare (44) and [45(a) and (b)] with
the set of normal equations derived from the
conventional MSE [see, for example, Ljung
(1987, p. 176)]. The extra term in our approach
is the sum
N

Sw(t) a_ ~ ;~*(k)w(t + k),

(46)

k=-N

which appears in both @(N) and ¢p(N).
It is possible to solve the normal equations in
(44) in a recursive manner. When solving (44)
recursively, the computation of sw(t) at each
time point t can be accomplished via a tap-delay
line. Following exactly the derivation of the
conventional Recursive-Least-Squares (RLS) algorithm [see Table l(b)] we end up with the
(a) THE PROPOSED R L S ALGORITHM;

TABLE 1.

( b ) THE CONVENTIONAL R L S ALGORITHM

(a)

Proposed RLS algorithm
Update procedure:
M

I

s~(N)= ~

A*(k)w(n +k)

k=-M

s~(N)P(N- 1)z(N)
# + s~(N)zr(N)P(N- 1)z(N)

II

K(N)

III

a ( N ) = y ( N + 1)--zr(N)ON I

IV

0N = 0N-, + K(N)a(N)

V

P(N) = # - ~ P ( N - 1) - # - t K ( N ) z r ( N ) P ( N - 1)

Initialization:
Batch estimation of P(No) = ~ - ~(No)

(h)
Conventional RLS algorithm
Update procedure:
I

K(N) =

P ( N - 1)z(N)
# + z r ( N ) P ( N - 1)z(N)

II

a(N) = y(N + 1) - zr(N)ON_l

III

ON = 0N-, + K(N)a(N)

IV

P(N) = ,u-tP(N - 1) - # - IK(N)zr(N)P(N - 1)

Initialization:
Batch estimation of P(No) = 0 - l ( N o )

recursions which are summarized in Table l(a).
It is this simple identification procedure that
makes the proposed criterion attractive when
compared with the (cross-) cumulant approach
of Tugnait (1990, 1992).
At this point it must be emphasized that
alternative criteria of fit, such as maximumlikelihood, yield consistent parameter estimators
only if: (i) the input is noise-free, and a priori
knowledge of its exact (possibly non-Gaussian)
distribution is available, and (ii) the spectrum of
the output Gaussian noise is also known, or, of
known form (e.g. minimum-phase ARMA). But
even under these assumptions, the resulting ML
objective function will always be a nonlinear
function of the A R M A parameters requiring
nonlinear programming techniques, which, depending on the initial parameter guesses, may
converge to a local minimum. Recall also that
even when both input and output noises are
Gaussian with known color, prediction-error and
ML methods cannot guarantee uniqueness in
estimating the A R M A parameters (Srderstrrm,
1981; Stoica and Nehorai, 1987).
7. SIMULATIONS AND APPLICATION TO TIMEDELAY ESTIMATION

In the first part of this section we present
simulated examples to compare the proposed
RLS algorithm: (i) with the conventional RLS
when applied on low SNR data, (ii) with the
nonlinear cumulant-based method of Tugnait
(1990, 1992) for A R M A identification using I/O
data corrupted by Gaussian noise of unknown
covariance, and (iii) with the linear equationerror method of Inouye and Tsuchiya (1991), in
order to study the effect of model mismatch. We
also verify with Monte-Carlo simulations the
results of Section 5 regarding the asymptotic
distribution of the estimates.

7.1. Synthetic examples--comparisons
In all four cases the input u(t) was generated
by the filter

G(z) = 1 - 0.2z -1 + 0.3z -2,
driven by zero-mean exponentially distributed
i.i.d, noise e(t) with parameter 3. = 1, )% = 1 and
Y3e = 2. Except for Test Case 3, both the input
and the output records were contaminated by
mutually correlated, colored Gaussian noise.
The input noise v~(t) was generated after passing
normal deviates through an MA(5) model with
coefficients [1, -2.33, 0.75, 0.5, 0.3, -1.4]. The
output noise Vo(t) was created as the convolution of v~(t) with an MA(3) model with
coefficients [1, 0.2, -0.3, 0.4]. The SNR at both
the input and the output was defined as
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SNR _AE{u2(t))/E{v2(t)} = E{xe(t)}/E{v~(t)},
and was fixed at 5 dB. The taper ?~*(k) required
in (46) was chosen to be a Hamming window of
fixed width 12.
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TABLE 3. A R M A INPUT/OUTPUTIDENTIFICATION
(TEST CASE 2)
A R M A parameter identification (Model II)
N = 4000, 100 M.C. runs, Colored A G N / U C , SNR = 5 dB

Test Case 1. In the first experiment
underlying system described by

the

1 + 0.5z -1
n(z) =
1 + 0.5z -1 + 0.125z -2'

Test Case 2. We repeated the previous experiment changing only the structure of the
underlying A R M A system. In this test case the
system was described by a "benchmark" transfer
function also used in Cadzow (1986),
1 + 0 . 5 z -~

H(z) = 1 - 1.5z -1 + 0.7z -2"
The algorithm of Tugnait (1990, 1992) was
implemented again with two different initial
guesses. We picked up the first one to coincide
with the true parameter vector TI:[1.0, 0.5,
-0.5, 0.7], and the second one to be
T2: [1.0, 0.0, 0.5, 0.0]. The resulting estimates
TABLE 2. A R M A INPUT/OUTPUTIDENTIFICATION
(TEST CASE 1)

ARMA parameter identification (model I)
N = 4000, 100 M.C. runs, Colored AGN/UC, SNR = 5 dB
True and estimated (mean 5: st. dev.) ARMA coefficients

True

/~o

/~1

-al

Coefficient
True

was used to generate 4000 input-output pairs in
each of the 100 Monte-Carlo runs performed.
We tested the proposed RLS, the conventional
one, and the algorithm proposed by Tugnait
(1990, 1992). For the nonlinear minimization
required in the last algorithm we used the
Nelder-Mead algorithm as implemented in
MATLAB with two different initial parameter
guesses, namely T1 :[1.0, 0.5, 0.5, -0.125] and
T2:[1.0, 0, 0, 0]. The resulting estimates
(mean + stand, dev.) are listed in Table 2 and
depicted on Figs 2(a), 3(a) and 4(a). The
corresponding gain and phase model fits are
shown in Figs 2(b)-(c), 3(b)-(c) and 4(b)-(c),
respectively.

Coefficient

True and estimated (mean 5: st. dev.) A R M A coefficients

-'~2

1.000

0.500

0.500

-0.125

Conventional
estimates

0.948
+0.010

0.671
5:0.018

0.336
5:0.017

0.019
+0.012

Proposed
estimates

1.000
+0.024

0.473
+0.128

0.529
+0.130

-0.145
5:0.099

Tugnait's 1
estimates

0.970
5:0.128

0.503
5:0.113

0.482
5:0.104

-0.113
+0.075

Tugnait's 2
estimates

0.896
+0.126

0.677
5:0.136

0.289
+0.155

0.078
+0.100

/~0

/~1

--t21

--a2

1.000

0.500

1.500

-0.700

Conventional
estimates

1.685
+0.033

1.631
+0.038

0.572
+0.013

0.099
+0.009

Proposed
estimates

0.970
+0.245

0.369
-1-0.971

1.642
+0.168

-0.843
+1.430

Tugnait's 1
estimates

1.007
+0.262

0.501
+0.236

1.199
+0.332

-0.487
+0.300

Tugnait's 2
estimates

1.433
-I-0.381

0.500
+0.417

0.860
5:0.217

-0.048
5:0.268

are listed in Table 3 and depicted on Figs
5(a)-(c), 6(a)-(c) and 7(a)-(c).
In agreement with the preceding analysis the
extremization of the proposed cost function,
implemented using the modified RLS algorithm
of Table l(a), resulted in unbiased parameter
estimates (see Tables 2 and 3). On the contrary,
the estimates obtained with the conventional
RLS exhibited a serious (unknown) bias
proportional to the SNR present in the I/O data.
The higher (compared to the conventional
method) variance is a well-known characteristic
of methods employing higher- than second-order
statistics. But note that in the low SNR
environment of Test Case 1 the low-variance
conventional method [dash-dotted line in Fig.
2(a)] exhibited higher bias than the variance of
the proposed estimator. Furthermore, it must be
noted that in applications which allow for longer
and longer data sets the variance of the proposed
estimator will become gradually smaller, but the
bias of the conventional approach will never
disappear.
Being by far more computationally demanding, the method of Tugnait (1990, 1992) shows
low bias when the initial guess prevents it from
falling into local minima (see row 6 of Tables 2
and 3), and in those cases its performance is
comparable with the proposed method. When,
however, the initial guess is misleading, not only
the computational load but also the bias and
variance become worse [check row 8 of Tables 2
and 3 and Figs 4(a) and 7(a)].

Test Case 3. In the third experiment we compare
the proposed identification method with the
equation-error method reported in InouyeTsuchiya (1991). As mentioned in the Introduction, the latter fails to provide meaningful
estimates when the underlying system is not
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FIG. 2. (a) True and estimated (mean + st. dev.) parameters (conventional and proposed--Test Case 1); (b)
true and estimated (mean) gain (conventional and proposed---Test Case 1); and (c) true and estimated
(mean) phase (conventional and proposed---Test Case 1).

described by the adopted model set. On the
contrary, this paper's method performs well
under model mismatch and provides parameter
estimates which are optimal in the MeanSquared-Error sense. To illustrate this important
feature we simulated I/O data corresponding to
an ARMA(3, 1) system of the form,
1 - 0.8z -1
n(z) =
1 - 0.3z -~ - 0.1z -2 - 0 . 3 z - 3 '
which we approximated using an ARMA(2, 2)

model. To isolate the system-model mismatch
effect we collected noise-free I/O data, and
estimated the parameters of the model in three
ways: (a) using the conventional Least-Squares
method, that is, by solving the conventional
normal equations, (b) employing the proposed
estimator described in Section 6 [cf. equations
(44), (45a) and (b)], and (c) solving the linear
equations of Inouye-Tsuchiya (1991), after
correcting the typographical error which occurs
in their equation (46b). The resulting parameter

Identification of stochastic linear systems

1283
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frequency (rads)
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FIo. 3. (a) Same as in Fig. l(a) for Tugnait (1990) with initialization T1 and proposed---Test Case 1; (b)
same as in Fig. 2(b) for Tugnait (1990) with initialization T1 and proposed---Test Case 1; and (c) same as in
Fig. 2(c) for Tugnait (1990) with initialization TI and proposed--Test Case 1.

estimates ( m e a n + s t . dev.) from 100 MonteCarlo runs are listed in Table 4 and depited on
Fig. 8. Comparing rows 1 and 2 of Table 4, we
verify that even in this case the proposed method
yields estimates that merely coincide with the LS
estimates. On the other hand, it is evident that
the estimates obtained using the equation-error
method (row 4) exhibit severe bias and variance
under model mismatch.
Test Case 4. To verify the asymptotics of Section
AUTO 30:8-E

5, we performed 250 Monte-Carlo runs computing only the estimates of the proposed algorithm
when applied on the system of Test Case 1. The
distribution of ON- 0o was approximated by the
histograms depicted in Fig. 9(a)-(d). As
expected from the analysis of Section 5 the
resulting curves are close to Gaussian.
7.2. Parametric time-delay estimation
In this subsection we investigate the applicability of the proposed noise insensitive I/O
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FIG. 4. (a) Same as in Fig. 3(a) with initialization T2; (b) same as in Fig. 3(b) with initialization T2; and (c)
same as in Fig. 3(c) with initialization T2.

identification techniques to time-delay estimation (TDE) in low SNR environments. The
proposed approach falls into the category of
parametric methods and proves to be a powerful
technique mainly due to its ability to suppress
colored Gaussian noise and because it accepts a
recursive implementation through the RLS
algorithm introduced in Section 6.
The general problem of TDE is to determine
the delay D of a received signal x ( n ) = s(n - D )
w.r.t, the sequence u ( n ) = s ( n ) , where s ( n ) is
usually modeled as a zero-mean, stationary
white process. In the above generic formulation,

estimation of D can be performed by searching
for the peak of the cross-correlation
r ~ ( m ) = E ( u ( n ) x ( n + m)}
= E { s ( n ) s ( n - D + m)} = rss(D - m),

which attains its maximum at m = D.
As an alternative, a parametric approach can
be used. Signals u ( n ) and x ( n ) are considered as
input and output, respectively, of the MA linear
system described by
P

x(n) = Y. bku(n- k),
k=O

(47)
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with b k = 6 ( k - D ) ,
and P denoting the
maximum possible delay. Without loss of
generality we consider only delays, that is, only
positive ks because assuming some maximum
possible "advance" we can appropriately shift
x(n) in order to eliminate it. Second-order based
I / O methods can be successfully employed for
estimation of [bo . . . . . be] yielding D as the
index of the single non-zero coefficient. Since, in
practice, more than one coefficient estimate has
non-zero values we pick the one which is closest
to unity.

In several applications, such as range estimation in passive sonar, measurements of u(n) and
x(n) are significantly corrupted by additive
colored and possible mutually correlated I/O
noises, that is, we actually measure the signals,

w(n) = u(n) + vi(n),

and y(n) = x(n) + Vo(n).
(48)

In this case methods that use second-order

statistics of the measurements fail to provide
accurate estimates of D since they are unable to
discern signals from noise. In Nikias and Pan
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3(c)---Test Case 2.

(1988), bispectral parametric and non-parametric
approaches are considered when the additive
disturbances have zero skewness (e.g. Gaussian
or symmetrically distributed). Adopting the
same assumption on the structure of noise p.d.f.
we apply the proposed strongly consistent
parameter estimators, as well as the RLS type of
algorithm of Table l(a) for estimating D.
In order to verify the performance of the
novel TDE scheme we generated white,
zero-mean, exponentially distributed ( 2 = 1 )
deviates for the signal s(n). The delay D was set

to seven and vl(n), Vo(n) were colored
Gaussian, zero-mean with strong correlation
resulting from the fact that we chose v o ( n ) =
v~(n - 5). The SNR level was set at - 1 dB. The
maximum delay was assumed to be less than
P = 15. Figure 10(a) and (b) illustrates the
estimated coettieients bk k = 0 . . . . . 15 obtained
from a Monte-Carlo experiment (100 runs).
Figure 10(a) depicts the estimates obtained by
the conventional RLS of Table l(b) at time
point N = 8000. Although the vector [bo . . . . . b~5]
exhibits a local peak at b 7 the dominant
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maximum appears consistently at b5 indicating
incorrectly a delay D = 5. Clearly, this is due to
the existence of the low SNR noises v,(n) and
vo(n) and the fact that one is a delayed version
of the other by five samples.
On the contrary, the proposed Gaussian noise
resistant RLS algorithm of Table l(a) yields
parameter estimates which consistently peak at
b7 [see Fig. 10(b)].
Comparing Fig. 10(a) with (b) one verifies that
although HOS exhibit higher variance than
second-order statistics (see also text following

Theorem 3.2), they have the potential of
suppressing correlated Gaussian noise of unknown color in certain real-life applications.
Although in this example the proposed
parameter estimation method shows superior
performance, it is expected that with shorter
data lengths and allowing larger P could result in
less accurate estimates. For this reason, a
combination of the conventional second-order
based with the proposed methods could offer a
better alternative in practice. The following
algorithm is an interesting direction for future
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research:
(1) Use the conventional RLS to obtain a rough
estimated of D, and subsequently
(2) Employ the proposed RLS on appropriately
shifted signals focusing on a relatively small
search region [0, P] in order to achieve a
fine tuning around the previous selected D.

mean-squared error. This result provides a
framework for recasting existing prediction-error
methods in a domain which is insensitive to an
interesting class of additive I/O disturbances. In
this domain of cumulant projections, persistence
of excitation and identifiability conditions can be
specified, and strong consistency and asymptotic
normality of the parameter estimators can be
established.
We found that for the class of general ARMA
models the extremization procedure reduces to
solving a set of linear equations, a task which
can be accomplished on-line using a modified
version of the recursive least-squares algorithm.
Simulation experiments illustrated the superior
performance of the proposed method over the
conventional prediction-error approach in the
presence of colored Gaussian noise of unknown
covariance. For the examples studied, it turned
out that the second-order based parameter
estimators exhibited higher bias than the

8. CONCLUSIONS---DISCUSSION

We developed a parametric method for
identifying stochastic linear systems based on the
extremization of a novel cost function. The new
criterion was expressed in terms of the
generalized prediction error and exploited the
high SNR domain offered by (cross) cumulant
statistics of non-Gaussian I/O data. When both
the input and the output records are contaminated by non-skewed or correlated (and perhaps
colored) Gaussian noises, we showed that the
new criterion is equivalent (within a scalar) to
the noise-free version of the conventional
TABLE 4. A R M A

INPUT/OUTPUT IDENTIFICATION (TEST CASE

3)

ARMA parameter identification---Incorrect model selection
N = 4000, 100 M.C. runs, without additive noises
Estimated (mean 4- st. dev.) ARMA coefficients
Coefficient

a,

~2

bo

L.S. estimate

-0.146

-0.239

0.983

Proposed
estimates
Equation-error-method
estimates

-0.108
+0.051
1.455
4-0.302

-0.275
±0.042
- 1.362
4-0.161

0.982
:1:0.012
1.011
4-0.020

/~1

/~2

-0.591

-0.351

-0.557
:1:0.043
0.918
±0.285

-0.398
4-0.048
-2.037
4-0.279
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variance inherent to all cumulant-based approaches. Further, the simulation examples
verified the asymptotic normality claims and
demonstrated that the proposed linear equation
based method compares favorably with an
existing equation-error approach under model
mismatch conditions, and a fourth-order cumulant-based method which requires nonlinear
minimization, and thus is computationally more
expensive and sensitive to initialization
procedures.
(a)

A by-product of our errors-in-variables approach is a consistent and criterion-based
method for parametric time-delay estimation in
the presence of correlated Gaussian noise.
Simulation verified superior performance of our
method over the conventional approach in low
SNR.
Interesting future research topics include
extension of the present method to deterministic
(quasiperiodic) input signals observed in additive
noise, and identification of closed loop systems.
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FIG. 10. (a) Parametric time-delay estimation--conventional method; and (b) parametric time-delay
estimation--proposed method.
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The former appears to be feasible using the
recent ergodic results of Dandawate and
Giannakis (1991) and Dandawate (1993a, b) on
cumulants of nonstationary signals.
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APPENDIX A

Proof of Theorem 3.2. Before proceeding to the proof of
equation (21) we establish the following lemma which relates
kth-order joint cumulants of linear processes with cumulants
of lower order via a "projection" operation. A special case
of this relation (between cumulants of order k = 2, 3 and 4)
was derived in Giannakis and Delopoulos (1989). Here we
extend this idea to modulated projections over lags of
cumulants of any order k. Definitions of cumulants,
cumulant spectra and their properties are presented in
Brillinger (1981); in the sequel we refer frequently to
Chapter 2 of this textbook.

Lemma A.I. Let ui(t) = ~ gi(t - r)e(r), i = 1. . . . . k be a
T;

collection of SISO linear processes with common driving
input the i.i.d, process e(t), and let G~(to) be the
corresponding transfer functions. Then, for k > I

Y~--. Y~ exp - j
lr I

o~,~,

cum (u~(~,) .....

u,(~,)~

lrk-I

= r,___~Gl(cot)'"

Yl,

Gk_,(~o, 1)

x cam {Uk_t+l(rk_t+t) . . . . . U,(rk)),

(A.la)

where Yke (Yte) is the kth (lth) order cumulant of e(t)
provided that,
k-I

¢oi = O.
i--I

(A.lb)
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Proof. Due to stationarity, and exploiting (A.lb)
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that,

k-I
~

" " " r~k_lexp { - - j iE=l toiTi} c u m { t l l ( g l ) . . . . .

/"

1"t

}

= E . . . ~; exp -j Y~ to,~, cure (.,(~,
Tk_l

,tl

:~tl

''"

t

I)*.o=~~ " ' " E exp - j E to,t,

Uk(Tk) }

......

"rk-- I ) ,

where in the last equality we used the notation of Brillinger
(1981) for kth-order joint cumulants of stationary processes.
If O-t ...... ,(tot . . . . . tok-i) is the ( k - 1 ) - D Fourier transform of %, ...... , ( q . . . . . tk-i), namely the kth-order
cumulant spectrum, we have that,
• " " ' tok-1)

}

= ~'~ " " " X exp - j X to,t, c..,...... ,(r, . . . . .
¢k_ I

'r I

:

i~l

{"

~'~ . . . ~'~ exp - j
¢k-I+ t

Tk- t

x X""

~'~ exp - / X

"

toi'i

X

w(t + r,_2), ew.,.s(t), ew.y.o(t))

=Yt,. H G(to,) cum (ewy o(O) e.,.,o(O)}
Y2~ i=1
k(~l .....

-- ~ke

- r-~

(A.2)

I~)Ul,...,Uk(tol' " " " ' t o k - I ' t o k - - I + l ,

}

k--2

i=t

V:k-lE expl--J~ltoiTi}cutt i=l

i=1

X cum {w(t + r,) . . . . .

u,(0)}

.....

lrk- 2

rt,_,)

}

i=k-I + l

to,r, %, ...... , ( r t . . . . .

tk_t).

,~ G(to,)vo.

k -- 2

Clearly Lemma A.1 provides an alternative proof for
Theorem 3.1 when applied with k = 3, l = 1 and to t = 0. Note
also that here it is not necessary to assume that w(t) is
zero-mean.
APPENDIX B
Proof o f Theorem 3.3. The proof of Theorem 3.3 is an
extension to the I[O case of the proof derived in Delopoulos
and Giannakis (1992, Appendix C), for the output only case.
In order to avoid repetitions we refer to that derivation when
necessary. The proof of part (b) is identical and we skip it.
Before proceeding to prove part (a) we quote two lemmas
from Delopoulos and Giannakis (1992); see also Ljung
(1987, pp. 47-49).

i=l

"* '

(A.3)
L e m m a B.1. Let ~p =

~

a(k)z(k)

deterministic sequence satisfying
d#uk_t+l,....Uk(tok--t+t . . . . .

= X

tok-I)

{"

" ' " X exp - j

tk -I+ I

rk - I

~'~

to,r,

where (i) a(k) is a

k= -~

On the other hand, the/th-order cumulant spectrum
z(k)

}

is

a

sequence

~

of random

la(k)l-< Ca, and (ii)
variables such

E{z2(k)} <- Cz. Then, E { 0 2} ~ Cz k=-® la(k)l

that

<- C~C2..

i=k - I + t

x C,k_l........ k(lrk_t+l . . . . .

rl,- l).

(A.4)
L e m m a B.2. Let (X,} be a sequence of zero-mean random

We use now the fact that u~(t)s are linear processes driven by
e(t) in order to obtain an expression relating cumulant
spectra of order I with those of order k. Equation (2.10.3) of
Brillinger (1981, p. 39) for r = s = 1 yields,

~,,, . . . . . .

,(to,

.....

tok-,)=

r,,Gt(to,)

N

variables and define Y~ =~ E

X,, 0 ~ r -< N. If E{(Y~) 2} -

t=r+l

CM2(N)(N - r), where M ( N ) <- O(NV4+o), 6 > 0, then the
sequence N -1 IgoNI--,0 w.p.1 as N---, 0o.
(a) We shall establish equation (26a) in two stages. We
treat the noiseless case first. In the next stage we prove that
the contribution of the noises decays (uniformly in 0) to 0
w.p.1, as N---, oo.

" " Gk-t(to~-,)
k--I

Similarly,

Stage 1. Let

~,,k-i+, ...... ,(tok-t+t . . . . .

tok-O

N

Du.x,o(r, N) A= E

= yteG,_t+,(tok_,+,)"" Ok-,(to*-I)
x Gk -

~

toi •

t=r+l

(A.5b)

i=k-I+l

Equations (A.5a) and (b) in view of our initial Assumption
( A . l b ) yield,

Using equations (1), (4) and (6), we can express D,,x.o(r, N)
as

cI',t ...... ,(to, . . . . .

tok-,) = ~'Yt~
~__zG,(tot)

"

N

" Gk-,(to,-t)

D,,x,o(r, N) = ~
(A.6)
Comparing (A.3) with (A.4) in conjunction with (A.6) we
obtain (A.1). []

M ( k ) ~,, g(i) ~ dlo(jt)

k=-N

x ~.,_,+, ...... ,(tok-I+, . . . . . k-,).

i

JI
IV

X E dw(j2) E g(lt) E g(/2) E
II

J2

12

I=r + [

X [e(t + k - i)e(t - J r - ll)e(t - ] 2 - 12)
-

E{e(t + k - i ) e ( t - j t

- lt)e(t-J2-

12)}1

N

Returning to the proof of Theorem 3.2 we first observe
that since v~(t) and Vo(t ) are Gaussian noises, independent
of e(t) we have that [cf. Brillinger (1981, p. 19)]

+ 2

cure {w(t + *:,) . . . . .

x E h(k,) E h(k2) E g(ll) E g(12) E

w(t + z'k_2), ew.y.o(t), e~.y.o(t)}

= cum (u(t + r,) . . . . .

u(t + lrt,_2), e,.,.o(t ), e,,~.o(t)}.

Now, equation (20) follows easily if we take into account that
both u(t) = G(q)e(t) and e,.~.o(t) = IDa(q) + Do(q)H(q)] x
G(q)e(t), satisfy the assumptions of Lemma A.1. Indeed,
using (A.la) and observing that (A.lb) is satisfied, we find

k=

&*(k) ~ g ( i ) ~ doo(j,) ~ doo(J2)
N

Jl

i

J2
N

kI

k2

II

12

t~r+t

X [e(t + k - i)e(t - J r - kt - lt)e(t - J 2 - k2 - 12)
- E{e(t + k - i)e(t - j ~ - kt - lOe(t - J 2 - k2 - 12)}]
N

- 2 ~
k=

A*(k) ~ g(i) ~ din(jr ) ~ doo(J2)
N

i

Jl

/2
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Stage 2. [w(t) = u(t) + vl(t ), y(t) = x(t) + Vo(t)]
Using obvious notation, we first observe that,

× Ek I h(k,) EI I g . , ) E12 g.2) t - r

t 1

- [e(t + k - i)e(t - jL - l O e ( t - j2 - k, -12)

We intend to bound E
we derive bounds for E

{[{[

sup ID,,.x.o(r, N)I

sup ID}i,,~,o(r, N)I

]2}

N

. To this end
which can be proved along the lines of Appendix A. Then,

, (i = 1, 2, 3)

N

t:r+

k

(B.3)

where D <°
u , x , Ol,t.I , N) are the three sums over k on the RHS of
equation (B.3). The derivation of these bounds is possible
due to Lemma B.1, Assumptions 1 and 5 and Condition 4
that guarantee absolute summabifity of the involved
deterministic sequences, and Assumptions 2 and 5 on the
driving noise. We derive the expression for the bound of
Do) r. N); similar bounds can be derived for the other two
terms. Define

s(r, N) ~= E

~*(k)w(t + k)C~.o(t)}

E

- E{e(t + k - i)e(t - j ~ - l,)e(t - 12 - k, - t0}l.

[e(t + ?lo)e(t + rlOe(t + rl2)

N

N

Dw.,.~(r, N/= D,,.~.,(r, N) + 2

~ X*(k/

t=r+l

k--

N

X {2u(t + k)e,,x,o(t)e~l,vo.a(t ) + u(t + k)e2t,~o.o(t)

+ vi(t + k)eZ~,o(t) + vl(t + k)e,.~,o(t)e~l.~o,O(t)
+ v~(t + k)e2~,.~o.o(t)}.
(B.12)
Following the same steps as in Stage 1 we will show that
the contribution of the five terms in the RHS of (B.12) which
are due to I/O noises decay to 0 w.p. 1 and uniformly in 0 as
N---~o0. Let us focus on first term

]

- E(e(t + ~o)e(t + ~,)e(t +

O~)H- (B.4)

Then,

N

= 2

IA*(k)l 2 Ig(i)l

k=-N

11

X*(k)

d,.(,,) Z d,.(,2) 2 g.2) 2 c,(m,)

II

/2

(B.5)

x 2 Ig(10t 2 Ig(12)l Is(r, N)I,
II

Z

× (2 g(,,)

x ~'~ sup Id~o(jt) I 2 sup Id~o(J2)l

12

)~*(k)u(t + k)e,,.x.o(t)ev,.~o.o(t)

k=-N

k=-N

t=r+l

i

2

t=r+l
N

N

SUD
( ~)
N)I <- ~
a-- ID,.~.o(r,

N

Ao(r, N) A= 2

"

i2

12

m I

×e(t + k - l O e ( t - i I - 1 2 ) t l ( t - i 2 - ml)
+ ~'~ g(lO ~'~ dlo(i,) ~'. doo(J2) ~ g(12) 2 co(m2)
II

with r/o = k - i , r / i = - J l - Ii, t/2 = -J2 - 12. Exploiting the
facts that e(t) is independent and has bounded moments up
to order six (cf. Assumption 2), it follows (Delopoulos and
Giannakis, 1992a, b) that

E{ls(r, N)I 2} -< mmax(N - r),

(B.6)

il

J2

12

m2

-J2

× e(t + k - lOe(t - i I -/2)to(t

m2)

-

+ 2 g(l,) 2 doo(J,) ~'~ d,,(i2) ~ k(m) ~ g(12)
II

II

x 2

cl(mOe(t

i2

+ k -

m

tOe(t - J l

12

- m - t 2 ) t l ( t - i2 - m O

ml

where mmax ~ max {m 3, m2, m4, m 6 -- m~}, m i being the ith
moment of e(t). Next observe that due to Assumptions 1 and
5

+ ~'~ g(t,) ~'~ don(j,) 2 doo(J2) 2 h(m) ~'~ g(12)
II

Jl

J2

m

12

X Z Co(m2)e(t+ k - l,)e(t - j , - m - 12)t o ( t -J2 - m2)).
~'~ {g(t)l-< C~,

~

sup Id,.(t)t <- Ca.

(B.7a)

m2

(B.13)
We define,

On the other hand, since

N

IA*(k)l=

lim M ~
N-~

k=

N

Z(r, N) a= 2

IA(t)l dr,

for N large enough there exists C t, such that
N

2

IA*(k)I--<C~M.

(B.7b)

k=-N

Combining (B.5) and (B.6) with (B.7) and using Lemma
B.1, we obtain
( 1)
2 6 4
2
E{ID,.~m(r,
N)I 2 } <- : CtCeCdM
(N - r).

(a.aa)

where t(t) represents either tl(t) or to(t). Because
{tl(t), to(t)} are uncorrelated with e(t) and have finite
moments (cf. Assumptions 2 and 4), E{[Z(r, N ) ] 2 ) -

C z ( N - r), where C~ __aYEt:max E{e2(-Th)e2(-02)}. Hence,
UO, V/I

proceeding as in Stage 1, we obtain E

E{ID,,.~.o(r, N)I 2} ~ CMZ(N - r),

(B.9)

which in view of Lemma B.2 and Condition 1 implies that
1

~ s u p IO~,,.,(O, N)[---,0,

1

~/sup IAo(0, N)I-'*0

i = 2, 3. (B.8b)

From (B.8) and using the triangle inequality we get,

w.p.1 as N ---~oo, (B.10)

{[

sup IAo(r, N)I

---

C'MZ(N - r), which due to Lemma B.2, implies,

In the same way that we arrived at (B.8a) we can prove that

E{{D~i.~,o(r, N)I z} < CiM2(N - r),

e(t + rh,)e(t+ r / t ) t ( t + ?~2),

t=r+ I

I

w.p.1 as N - - ~ .

This completes the proof for the first "noisy term" of
equation (B.12). Similar steps can be followed for the next
three terms of the RHS of (B.10). Only the last term needs
some special handling; for that term we must use
Assumption 3 and the fact that {vl(t), Vo(t)) have zero
third-order (cross-) cumulants.
Recalling now the result of Stage 1, regarding D,.x.o(r, N),
we conclude that even in the noisy case,

or, equivalently
suplgtoN~--C'~oN~I--~0 w.p.1 asN-~o0.
This completes the proof for the noiseless case.

(B.II)

1

~suplD,,y.o(0, N)l-:,0,

w.p.1 as N---*~,

which completes the proof of the first part of Theorem 3.3.

Identification of stochastic linear systems
(b) Part (b) can be established following exactly the same
arguments we used in Deiopoulos and Giannakis [(1992a, b),
Appendix C].
(c) Equation (26) is a direct consequence of (26a) and
(26b).
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summable impulse responses and ¢~(t), ~l(i) are i.i.d, noise
processes. With similar assumptions we have that

~?(t) = ~ r1(i)¢,(t - i) + ~ ro(J)~o(t - j) + ~ re(k )e(t - k ).
i

j

k

Also, due to (4), (5) and (10a)
APPENDIX C
Proof of_ Theorem 5.1. Let 0N =~arg extremum f'tom. This
implies [Of/(om/O0]lo=o~ = 0. If 0o is the unique minimum of
I2o we expand 0IT'~N~/00"around 0o which yields
O--

IJ(N)#[l~ -- 0o),

O(N)'

(C.1)

w(t)= ~ g(i)e(t- i)+ ~. c,(j)¢,(t-j).
i
j
Notice that unlike e(t), ~0(t) contains a term which depends

on e(t). We define truncated versions of the above series,
L

where ~N is a value "between" 0N and 0o. Since 0N--*0o
w.p.1 as N--~0o we infer that ~N--~0o w.p.1 as N--.oo.
Consequently, using arguments similar to those used in the
proof of Theorem 3.3 we can show that,
lT'i2N)---*l?g0 w.p.1 as N ~ o o ,

i=

(C.3)

(:(o~)'=

*

w t+

ew,y,s, t

,~.y,oo t ,

where,_.~w,y..o(t) = [oe,~.,.o(t)/ao]lo=o,.. We will show next
that Vb~," is asymptotically normal with zero mean and
covariance matrix, Q = lim ~/;'/I'I)(N)'I[17'(N)'IT~"
/[--O0
J[--#O
l J"
The asymptotic analysis follows closely the derivations in
Ljung (1987, p. 266), from which the following two lemmas
are quoted.

wL(t) a- ~

that

ZN=

(a)

~

xN(t),

L

g(i)e(t--i)+

i=--L

~'~ c1(J)~l(t--j),
j=--L

and

gL(t ) a__e(t) - et(t),

~Ot.(t) ~=ap(t) - ~Pt(t),

fft.(t) a=w(t) - wt.(t ).
Notice that,

(c.4)
because Ct(t), ~o(t) have zero third order (cross-) cumulants
and they are uncorrelated with e(t). Now we decompose
l?(eN0)' as follows:
l~(m, 2VM
,,, = ~ - [ZL(N) + XL(N)],

with

(C.5a)

where
a

N

C.1. Assume

r~(k)e(t-k),

k=--L
L

E{w(t)e(t)lp(t)} = E{wL(t)eL(t)~L(t)} = E{ f~L(t)[t.(t)~L(t)},

t=-~ k=--N
A

Lemma

j=--L
L

+ ~

The first component in (C.3) is a deterministic quantity;
so, let us consider first the asymptotic behavior of the second
term,

L

~, fo(J)~o(t -j),

~/L(t) ~= ~ r , ( i ) ~ , ( t - i ) + ~ r o ( J ) ~ o ( t - j )
i=-L
/= - L

provided that {D~',,(q), D&,(q)} are uniformly stable filters.
For large N and provided that the matrix V~ is invertible
(C.2) along with (C.I) yield,
"

- i) +

L

(C.2)

ON- Oo ~ --~0,,
l #oJ~-,~(N),
O0 "

L

et.(t ) & '~ fi(i)~1(t

N r

1

N
*(k)WL(, + k

zL(N) =

t~-N

E{XN(t)} = 0, (b) {XN(1) . . . . . . XN($)} and {XN(t), xN(t +
1) . . . . . xN(n)} are independent if t - s > L, where L is an

N c

1

(C.Sb)

N

N

integer such that: (bl)limsup~_NE{IxN(k)12}<oo,

and

N

(b2) limsup ~
N ~

E{IXN(k)I2+d}=O

for some d > 0 .

If

+ WL(t + k)eL(t)~L(t) + Wt.(t + k)~t~(t)lpL(t)
+ ~i'L(t + k)eL(t)lPL(t) + ffL(t + k)~L(t)aPL(t )

k = - N

Q = lim E{ZNZT), then ZN ~ AsN(0, Q).

+ ffL(t + k)eL(t)~L(t) + ffL(t + k)gL(t)~L(t)]}.

(C.5c)

N~m

Lemma C.2. Let SN = ZM(N) + XM(N) M, N = 1, 2 . . . . .
and assume that: (a) E { X 2 ( N ) } <-C~t, with lira CM = 0,
and (b) P{ZM(N ) <- z} = FM.N(z), lim FMm(z ) = FM(z) and
lim FM(Z) = F(z). Then, lim P{SN <--z) = F(z).

M~

N~

We return now to the proof of Theorem 5.1. For simplicity
we shall write e(t) instead of e,.y.o.(t) and lp(t) instead of
lp~.y.,o(t ). From (6)

e(t) = O,.o,(q)[u(t) + vt(t)] + Do.oo(q)[x(t) + Vo(t)]
= Ol.o,,(q)vl(t ) + Do.n,,(q)vo(t),
where we used the assumption that the true system is exactly
described by 0o which belongs to the model set. Hereafter
we assume that {vl(t ), Vo(t)} are linear processes (perhaps
mutually correlated), so that e(t) can be written as

e(t) = ~ f1(i)¢l(t - i) + ~, fo(J)¢o(t - j),
i
i
where Fl(q) and Fo(q) are stable filters with absolutely

We first use Lemma C.1 to show that ZL(N) is
asymptotically Gaussian. Due to (C.4) the terms of ZL(N)
are zero-mean and they are also L-dependent by
construction; hence, requirements (a) and (b) are fulfilled.
We consider now the expectations appearing in (bl) and
(b2):
1
N
2+d

E{ ~,=~_N~*(k)WL(t +k)eL(t)IpL(t)
<(
1
- \~]

,¢+a

}

N
k ~ N I2*(k)l 2+a E{IwL(t + k)eL(t)~PL(t)l 2+a}

<M-l-(d/2)N-l-(d/2)

N
E

]~*(k)[ 2+dC

R=--N

<- M - 1-(d/2) N - I -(d/2)MC~ C.

(C.6)

For the first inequality, see Chung (1974, p. 48), and for the
second inequality use the fact that wL(t), eL(t), lh(t) are
finite sums of random variables with bounded moments.
Finally, the last inequality is established similarly to (B.7b)
using the conditions imposed on the window Z*(k).
Inequality (C.6) shows that (bl) and (b2) of I,emma C.1 are
satisfied under the assumption M <-O(N u(4+a)) (cf. Condition 1). Hence,
ZL(N)eAsN(0, Qc),

where Q L = I i m E { Z L Z ~ } .

(C.7)
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We consider next the second term, XL(N ), of 1)tin,
vHO
• We
wish to prove that lim E{X~.(N)} = 0. Let us examine each
individual term in the sum of equation (C.5c) separately.
Define

Similar bounds can be obtained for the remaining terms of

Xt.(N) and hence,
E{IXc(N)IZ}---~O as Z---~o~,

(C.9)

which satisfies (a) of Lemma C.2. Consequently, combining
(C.7) with (C.5a) and using Lemma C.2 we obtain that

~V/~I?(N)' e AsN (0, Q),
HO

and observe that

where,

E {IV-M-NX~J~(N)I 2}
=E

Q = lim 4QL = lim lim E{Z t (N)ZL(N)r},

{~ ~,,Z*(k)wL(t
+ k)eL(t)~OL(t ) ~}
t--

Nk--

N

< ~

L ~

t=

(C.8)

N

N

12*(k)l 2 F~ f(L),

~

•

N

-(N),

Q = lim ~e([V.o

N

Using the definitions of WL(t), et.(t), ~OL(t) and considering
that the impulse responses r~(t), ro(t ) are absolutely
summable we bound (C.8) with an expression of the form
k=-N

N ~

"

and due to (C.9)

N

I;t*(k)l z ~, E{Iwt,(t +k)et,(t)(pt,(t)12}.

k=--N

L ~

where f(L)--*O as L---.oo. This

t= -N

expression is upper bounded [similarly to (B.7b)] by
MNf(L). Hence, E{IX~)(N)I 2} -~0, as L---~~.

-(N),

r

IIV,,, ] }.

Finally, from (C.3) we find that,

~J-~(ON--0o)EAsN(0,Po),
~J-~ (ON -- 0o) E AsN (0, Po),

where Po a=[~tto,] I Q[Voo]
which completes the proof of Theorem 5.1.
--

o

I

, (C.IO)

